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Ion distributions within a microdroplet without surface charge: Fluctuation-correlation effects
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The mean-field approach like the Poisson-Boltzmann theory predicts a trivial result that ions from a sym-
metric electrolyte are uniformly distributed within an aqueous microdroplet without surface charge. However,
the phenomenon of an increase in surface tension due to salt addition indicates ion depletion near the air-water
interface. It was believed that electrical polarization associated with dielectric differences is responsible for salt
depletion. Using Monte Carlo simulations with the restrictive primitive model and Poisson equation, a deple-
tion zone near the water-oil interface is observed. Nevertheless, without any polarization, ion depletion can still
be attained near a hard interface and was theoretically predicted by the Debye-Hu¨ckel theory@Phys. Rev. E60,
3174 ~1999!#. The nonuniform ion distribution is caused by the fluctuation-correlation effect with broken
symmetry, which is furnished by the boundary.
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Aqueous microdroplets immersed in a nonpolar solve
such as emulsions and microemulsions, have attracted m
attention in recent years. The stable microdroplet is enclo
by a surfactant shell and its size ranges from a few na
meters to about one hundred. The ability of microdroplets
host nanosized particle find applications in diverse fields,
instance, materials development and biotechnology@1#. The
phenomenon that a water-in-oil microemulsion displays s
nificant electric conductivity indicates that there are io
within the aqueous core. Counterions exist due to disso
tion of the ionic surfactant shell. For microdroplets su
rounded by a nonionic surfactant, ions comes from ad
salt.

The ion distribution inside a microdroplet is often inve
tigated through the mean-field theory like Poisso
Boltzmann~PB! equation. The counterion distribution withi
an aqueous droplet can be estimated, at least qualitativel
the PB theory@2#. For a uniform surface charge density, t
counterion distribution is solely determined by counterio
themselves. Since the repulsions among counterions d
nate, most of the counterions are expelled to the boundar
the spherical cavity. Although dielectric discontinuity do
not play any role due to spherical symmetry at the mean-fi
level, ion fluctuations do destroy the symmetry and indu
electric polarization@3#. Nevertheless, the mean-field theo
predicts leading order behavior of counterion distribution

When both coions and counterions, coming from a sy
metry electrolyte, exist in the aqueous core enclosed by n
ionic surfactants, the distributions of ions seems to b
trivial question at the mean-field level. Due to symmetry,
average ion distributions for coions and counterions sho
be the same everywhere, i.e.,^c1&5^c2&. The ^•••& nota-
tion denotes an ensemble average. As a result, the mean
charge density should be zero,^r&5(^c1&2^c2&)e50.
Here e is a fundamental charge. According to the Poiss
equation, the mean electrostatic potential is thus zero ev
where,^c&50. Since the electrostatic internal energy at t
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mean-field level is zero,Uel5
1
2 *V^r&^c&dV50, one would

expect that the free energy of the equilibrium system is
termined by the entropy. A maximum entropy is resulted
ion distributions are uniform. The aforementioned conc
sion does not employ any relation between the mean lo
charge density and the mean electric potential.

Alternatively, one can adopt the PB approach, in wh
the ions are assumed to follow the Boltzmann distribut
with the potential of mean force equal to the mean lo
electric potential. The effects of ion fluctuations and positi
correlation are not taken into account. Moreover, ions
treated as pointlike particles. Since the surface charge d
sity of the microdroplet is zero, the trivial solution^c&50 is
resulted. Uniform ion distributions are thus obtained by t
Boltzmann distribution. This conclusion agrees with that
the preceding paragraph. It is expected because the e
mum of the Hamiltonian with respect tôc& and ^ci& leads
to the PB equation@4#. In fact, the saddle point of the densit
functional theory@5# and exact field-theoretic formulation@6#
turns out to be equivalent to the PB theory. Corrections to
mean-field theory must consider ion fluctuations and co
lation.

In contrast to surfactant solutions, it has been known t
the surface tension of an aqueous inorganic salt solu
tends to increase with increasing concentration@7,8#. Ac-
cording to the Gibbs-Duhem~GD! equation and criterion of
thermodynamic stability, an increase in surface tension
quires a negative adsorption. In other words, a deficiency
electrolyte is indicated near the air-water interface des
the mean-field prediction of uniform ion distributions. Wa
ner in 1924 believed that electric polarization of the air-wa
interface induces an effective surface charge. Since the e
trostatic ‘‘image’’ force is repulsive, ions are repelled fro
the interface@8#. On the basis of the reversible work theore
@9#, the ion distribution is related to the potential of me
force, which is approximated by the electric potential est
lished by the image charge corresponding to a fixed ion. T
screening effect in the electrolyte solution can be accoun
for by using the linearized PB equation. Extended by O
sager and Samaras~OS!, explicit formulas were obtained an
©2002 The American Physical Society01-1



n
m
te
e

en

a
rl
ul
tc

he
d
le
s

it
e
rg

re
y

r o
e
es

ed
th

ive

n-
o
n

b

er

te
li

ed
io
e

ic

h
m

ar-
g-

ons

e
(
on
the
its
ore

hat
c-

nto
tal
ing
a-

OS
o
ion
as

i-

d
ary
on

l-
truc-

n

RAPID COMMUNICATIONS

Y.-J. SHENG AND H.-K. TSAO PHYSICAL REVIEW E66, 040201~R! ~2002!
accounted reasonably well for the observed surface tensio
low electrolyte concentrations. Recently, following the sa
scheme, Levin considered the finite size effect near the in
face and employed a canonical calculation. The agreem
between the analytical result and experiment can be ext
ing to relatively high concentrations@8#. Nonetheless, this
method is not self-consistent.

In this Letter we intend to examine ion distributions of
1-1 electrolyte within a spherical drop based on Monte Ca
simulations. For an unbounded domain, which involves b
electrolytes, long-range interactions and dielectric misma
cause difficulties in performing the calculations. On the ot
hand, the ions distributed within an aqueous sphere boun
by low dielectric materials could provide an ideal examp
for the study of the effects of polarization, ion fluctuation
and correlation.

The interior of the droplet is modeled as a spherical cav
of radiusR with N1 coions andN2 counterions. The surfac
of the cavity is assumed to be smooth with a uniform cha
density s5(N22N1)/4pR2. We resort to a restricted
primitive model that is simple but captures the main featu
of an electrolyte solution. The solvent is represented b
continuum medium of uniform dielectric constante r ,i
('80) surrounded by an oil medium withe r ,o ('2). The
ions are represented as hard spheres of diametera ('0.2
20.4 nm). The charge of the ion is located at the cente
the hard sphere and each of the ions is made up of a mat
with the same dielectric constant as the solvent. Th
charges locate at positions$xj% with charges$qj%, where j
51, . . . ,(N21N1). The space charge distribution is relat
to the electric potential by the Poisson equation subject to
condition that the electric potential and its normal derivat
are continuous across the interface,

“•@e r~r !e0¹c~r !#52 (
j 51

N21N1

qjd~r2xj !, ~1!

wheree0 is the permittivity of a vacuum. The electric pote
tial inside the droplet produced by the surface charge is c
stant, sR/e0e r ,o , and is irrelevant in determining the io
distribution. Because of the linearity associated with Eq.~1!,
the electric potential is simply the sum of those caused
each ion. The solution of Eq.~1! due to the ionj at xj inside
a dielectric sphere can be expressed analytically,c j (r )
5(qj /4pe r ,ie0)(1/ur2xj u)1c j8„r ;(e r ,o /e r ,i)… @3,10#. Here
c j8(r ) denotes the image contribution due to dielectric diff
ences.

The equilibrium configuration are obtained by Mon
Carlo simulations according to the standard Metropo
method@11#. The electrostatic internal energy is calculat
with the help of solving the Poisson equation. When the
p moves fromxp

o to xp
n , the internal energy change of th

system is given byDUel5Uel
n 2Uel

o 5qp@C(xp
n)2C(xp

o)#
1qp@cp8(xp

n)2cp8(xp
o)# with C(xj )5(kÞ jck(xj ). The term

in the second bracket inDUel calculations designates electr
polarization acting on the ionp itself. It is missing in Ref.@3#
but does not affect their conclusion. The domain in t
present system is finite and the correction to the Coulo
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interaction is correctly treated by accounting for the pol
ization effect. In the simulation, the infinite series of Le
endre polynomials are truncated after the first 50 terms.

Figure 1 demonstrates the variation of ion concentrati
with radial position for three salt concentrations,N15N2

510, 20, and 40. The surface charge density iss50 and the
radius of the microdroplet isR520a for e r ,o /e r ,i50.025.
The diameter of ions isa50.4 nm. The concentration profil
is relative to the ion concentration at the center,ci
2ci0)a3,0. This consequence confirms that the distributi
of ions from a symmetric salt is inhomogeneous inside
droplet with an electroneutral surface. Moreover, it exhib
the depletion of salt near the interface, which becomes m
significant with increasing the salt concentration. Note t
rescaling the volume fraction difference by the volume fra
tion in the center cannot collapse three salt distributions i
a single profile. This result is consistent with experimen
observations of surface tension increment with increas
concentration (dg/dc.0). Furthermore, based on GD equ
tion, we calculatedg/dc51.43 dyn/(cm•M) for N6510,
which agrees quite well with the experimental data and
limiting law, 1.75. Evidently, the mean-field theory fails t
predict this phenomenon. However, is electric polarizat
the necessary condition for nonuniform ion distributions,
suggested by Wagner?

The effect of the polarization can be turned off by elim
nating dielectric differences. As shown in Fig. 2~a!, a deple-
tion of ions near the boundary can still be attained fore r ,o
5e r ,i with R510a. Since the boundary is purely a har
wall, it proves that electric polarization is not a necess
condition for inhomogeneous distributions. The depleti
zone is roughly in the region 7a&r<9.5a, which can be
differentiated from the ion-free region unmistakably. A
though a dense fluid of hard spheres displays a certain s

FIG. 1. The variation of ion concentrations with radial positio
for three salt concentrations withR520a ande r ,o /e r ,i50.025. The
concentrations in the center areci ,0a

353.6031024, 7.1531024,
and 1.4131023, respectively. Herea50.4 nm.
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ture near the hard interface, it is not the case here becau
low volume fraction of ions, i.e.,c6a3!1. As Coulomb in-
teractions between ions are turned off, a uniform distribut
is obtained in our simulations. An additional evidence, wh
can strengthen this conclusion, is the distribution
pseudoion pairs, which interact with each other throug
short-range square-well potential with the depth«115«22

52«12,0. Again, a depletion of pseudoions near the h
interface can be clearly observed. Consequently, the de
tion of ions does not necessarily originate from interactio
between the ions and the interface.

Despite the failure to obtain depletion of ions, the mea
field theory does give a correct result of the mean elec
potential,̂ c&50, as shown in Fig. 3~a!. Moreover, in accor-
dance with the Poisson equation,^c1&5^c2&. Nevertheless,
the standard deviation of the electric potential,^c2&1/2, is
O(kT) large. The contribution associated with ion fluctu
tions often gives the next order correction to the mean-fi
outcome. The substantial electric potential fluctuation in
present condition implies that it dominates over the me
field result, which is a saddle point. Therefore, one has
look for the explanation of nonuniformity beyond the mea
field theory, i.e., the fluctuation-correlation effect. Since
inhomogeneous ion distribution represents a decrease in
tropy, the equilibrium distribution corresponding to the fr
energy minimum requires a decrease in the internal ene
due to ion fluctuation correlation. In other words, one m
haveUel5

1
2 *V^(dr)(dc)&dr3,0, wheredx stands for the

fluctuation from the mean̂x&. Figure 2~b! shows the varia-
tion of ^(dr)(dc)&, scaled bykT/a3, with radial position.
As anticipated, the two fluctuation quantities are negativ
correlated. Since the electric potential is related to positi
of ions, this consequence can be attributed to the fluctuat
correlation effect.

In addition to ion fluctuations and correlation, the nec

FIG. 2. ~a! The variation of ion concentrations with radial pos
tion for three ratios of dielectric constants withR510a and N1

5N2525. Herea50.2 nm. ~b! The variation of dimensionles
internal energy density,̂drdc&, with radial position.
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sary condition for nonuniform distributions also require br
ken symmetry, which can be furnished by an interface. Fo
cavity containingone species only, the effect of the har
interface on the distribution is apparent even in the dil
limit. Near the interface, the depletion of the particle is o
served for an attractive potential. On the contrary, the surf
excess of the particle is attained for a repulsive potent
These results are obtained in our simulations for a squ
well potential and can be explained by a similar conc
associated with surface tension. The surface tension a
from the differences between the environment around a m
ecule in the bulk and near the interface. The broken sym
try in the vicinity of the interface causes unbalance forc
acting on a molecule. It gives rise to an effective interact
between the particle and hard surface, which can be ea
determined from the interparticle potential. In the pres
case of ion pairs, it is not clear whether the effective int
action is attractive or not, according to Coulomb interactio
Nevertheless, the interface does lead to broken symmetr
the screening effect.

It should be emphasized that at the mean-field level,
polarization effect does not come into play due to either z
local mean charge density or spherical symmetry. Within
PB scheme, a broken symmetry of geometry can bring in
polarization contribution for the case of counterions only b
not for salt solutions. As a consequence, for the latter,
manifestation of the polarization effect near the bound
must be introduced by virtue of ion fluctuations. In fact,
counterion and a coion cannot occupy the same locatio
the same time. Therefore, electric polarization always play
significant role even though the mean local charge densit
zero at the mean-field level. As demonstrated in Fig. 2~a!, for
the same salt concentration, electric polarization coup
considerably with the fluctuation-correlation effects. A

FIG. 3. ~a! The variation of the dimensionless electric potent
and its variance with radial position.~b! The variation of chemical
potential with radial position fore r ,o /e r ,i50.025 withR510a and
N15N2525. Herea50.2 nm.
1-3
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e r ,o /e r ,i53, a surface excess of ions is obtained. For a
crodroplet containing both salt and counterions dissocia
from the charged surface, the ion distributions become as
metric, as predicted by the PB theory. However, one
observe a peak near the interface due to polarization. T
cannot be obtained from the mean-field theory and will v
ish for large enough value of (N21N1)/R ~small Debye
length!.

In this study, the volume fraction of ions are small and t
point ion assumption seems valid. When fluctuations are
cluded, nevertheless, hard-core interactions have to be
cluded to prevent counterion and coion collapse. This ma
theoretical approaches much more complicated. In Wagn
approach, ion fluctuations are circumvented and the polar
tion force is induced by the insertion of a fixed charge. It
somewhat similar to the Widom’s method for calculating t
chemical potential, which is simply the reversible wo
needed to add such an ion to the electrolyte solution@12#,

m

kT
5 ln c61

mex

kT
5 lnF c6~r !

^exp~2DUel~r !/kT!&G5const.

~2!
l-

n
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As shown in Fig. 3~b!, in our simulations, the total chemica
potentialm is essentially constant everywhere while the e
cess chemical potentialmex reflects ion distributions near th
interface. In Widom’s method, a ‘‘ghost’’ charge is random
inserted to evaluate the potential of mean force but the
particle does not disturb the system at all. However, the io
atmosphere in the vicinity of the fixed charge is polarized
Wagner’s approach.

Recently, a Debye-Hu¨ckel ~DH! theory that neglects the
nonlinear effects is generalized to planar interfacial geo
etries@13#. The formulation goes beyond the mean-field~PB!
approach and accounts for fluctuations and correlations o
Gaussian level. Ase r ,o5e r ,i , the potential of mean force a
contact is repulsive and reads (,Bk/3)kT. Here,B denotes
the Bjerrum length andk21 the Debye length. Under the
condition in Fig. 2~a!, i.e., ci051.53 M, DH predicts a sub-
stantial depletion and the ratio of surface to bulk concen
tion is 0.38. Nevertheless, a weak depletion~0.82! is ob-
tained in our simulation. Since the salt concentration is hi
the effects of finite size and nonlinearity may come into pl

Y.-J.S. and H.-K.T. acknowledge support from NSC
Taiwan.
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